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Abstract. This work is a direct numerical simulation of the transonic laminar flow in airfoils with high amplitude plunging motions. 
The problem is solved for a non-inertial system of reference which is moving with the airfoil, and for this reason, the associated 
pseudo-force is included as a source in the momentum equation and the work done is also included as a source in the energy 
equation. This methodology allows the solution of high amplitude plunging motions, since the problem is solved from a non-inertial 
frame of reference which is moving with the airfoil and, for this reason, no grid deformation is needed to account for the motion. 
The compressible Navier-Stokes equations are solved using the skew-symmetric form of Ducros’ shock-capturing algorithm, with 
fourth-order accuracy in space and third-order accuracy in time. Five cases are studied: the static airfoil and the plunging motions 
with amplitudes of 2.5%, 13%, 22% of the airfoil chord. For all the cases, the Reynolds number is 10,000, the Mach number of the 
free flow is 0.8 and the plunging frequency has same value of the vortex emission frequency of the static case. The numerical results 
show a very complex and unsteady interaction between the boundary layer, the detached vortex wake and the transonic shock-wave 
system for the four cases studied. There are also some characteristic shock phenomena at the last two cases. 
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1. Introduction  
 
 This work is aimed at the numerical simulation of the strong vortex-shock interaction that arises in the transonic 
flow over BGK-1 supercritical airfoil in laminar regime, submitted to plunging motion. This kind of interaction is 
typical of the unsteady aerodynamics of bodies in transonic flows, directly connected to limit cycle oscillations in 
transonic flows and flutter phenomena. Such phenomena are of high interest in the aerospace sciences. 
 The complex nature of these interactions demands numerical methods with shock-capturing schemes to obtain 
accurate results . In the case of plunging motions, a modified set of governing equations in order to simulate the 
oscillations of the body is also necessary. 
 Using this methodology, the study of transonic flows started with the investigation of Transonic Buffet in airfoils  
(Bobenrieth Miserda et al., 2004) and the investigation of transonic flows in a near-base (Bobenrieth Miserda and 
Mendonça, 2005). After that, the investigation of the transonic flow with plunging and pitching motions (Lauterjung et 
al., 2005 and Bobenrieth Miserda et al., 2006) has begun. Meanwhile, the subsonic flow with plunging motion 
(Bobenrieth Miserda and Carvalho, 2006) and with pitching motion (Guimarães and Silva, 2005) were also being 
studied. In order to start exploring turbulent flows, the transonic cylinder (Bobenrieth Miserda and Leal, 2006) was also 
investigated. 
 
2. Mathematical Model 
 

In this work, the system of equations is written using a non-inertial frame of reference which is fixed to the plunging  
airfoil. The effect of this motion is accounted by a pseudo-force term in the right-hand side of the momentum equation 
which acts as a body force (Batchelor, 1983). In similar manner, the work done by this pseudo-force is accounted by a 
pseudo-work term in the right-hand side of the energy equation. With these considerations, the nondimensional form of 
the Navier-Stokes equations can be written as: 
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All variables are in nondimensional form and have their usual meaning, i.e., ρ is the density, t is the nondimensional 

time, xi is the i-direction spatial coordinate, ui is the i-direction component of the velocity vector, p is the pressure, τij 
denotes the viscous stress tensor, eT  is the total energy per unit of mass, qxi is the heat-flow density in the i-direction and 
fi is the pseudo-force due to the plunging motion. 

The nondimensional form of the flow variables and properties are defined as 
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where the asterisk denotes dimensional quantities, c* is the chord of the airfoil, µ* is the dynamic viscosity, T* is the 
temperature. U*

8 , T*
8 , ρ*

8  and µ*
8  are, respectively, the velocity, temperature, density and dynamic viscosity of the 

undisturbed flow. The nondimensional viscous stress tensor is given by 
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where δij is the Kronecker delta. The Reynolds number is defined as 
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 Defining e as the nondimensional internal energy per unit of mass, ek as the nondimensional kinetic energy per unit 
of mass and cv as the nondimensional specific heat at constant volume, the total energy is given by the sum of the 
internal and kinetic specific energy as 
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and the nondimensional heat-flux density is  
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where the M and Pr are the Mach and the Prandtl numbers, respectively, and are defined as 
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where γ  is the specific heat ratio, R* is the specific gas constant, cp

* is the specific heat at constant pressure and k8
* is 

thermal conductivity of the undisturbed flow. 
In this work, the Prandtl number is considered a constant with the value 72.0Pr = . For a thermally and calorically 

perfect gas, the nondimensional equation of state can be written as 
 

( ) ep ργ 1−=  (10) 
 

and 
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The nondimensional molecular viscosity is obtained using Sutherland’s formula, where C1 and C2 are the 

nondimensional first and second gas constants, 
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The pseudo-force if , which appears in Eqs. (2) and (3), accounts for the two types of motion when the Navier-

Stokes equations are written for a non-inertial frame or reference. When the plunging motion is imposed, and its linear 
amplitude is sinusoidal in time, the components of the pseudo-force, if , are given by 
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The nondimensional maximum amplitude, ,iA  and angular frequency, ,iω  of the plunging motion are defined as 
 

 ., **

*

*

*

cUc
A

A i
i

i
i

∞

==
ω

ω  (14) 

 
The boundary conditions at the wall of the two-dimensional airfoil are a no-slip condition for the velocity field, an 

adiabatic wall for the temperature field and a null gradient in the normal direction at the wall for the pressure field. 
 

3. Numerical Method 
 
Since the geometry of interest is a two-dimensional airfoil and the flow around it is laminar, the two-dimensional 

form of the Navier-Stokes equations is used. In order to numerically solve these equations using a finite volume 
approach associated with a fixed grid, Eqs. (1), (2) and (3) are written in the following vector form (Anderson, 1983): 
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where U is the nondimensional conservative-variables vector, E and  F are the nondimensional flux vectors. These 
vectors are given by 
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where u and v are, respectively, the nondimensional component of the velocity vector in the x-direction and y-direction. 
 In this work, the plunging motion of the airfoil is imposed in the y-direction, and consequently, for this case the 
nondimensional R vector, which is associated with the plunging motion, is  
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 Defining the flux tensor Π  as 
 
 jFiE ⊗+⊗=Π  (18) 
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where i and j are unit vectors in the x-direction and y-direction. Eq. (15) can be rewritten as 
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Integrating the above equation over the control volume V, and applying the divergence theorem to the first term of 

right-hand side results  
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Defining the volumetric mean of vectors U and R in the control volume V as 
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The upper bar means volumetric mean of the variable. Eq. (20) is written as 
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 For the volume ),( ji , the first-order approximation of the temporal derivative is given by 
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and the temporal approximation of Eq. (22) for a quadrilateral and two -dimensional control volume is  
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where 21+iS  is the common surface between volume ),( ji  and volume ),1( ji + , n is the normal unit vector, ∆t is the 

nondimensional time step. Defining 
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the spatial approximation of Eq. (24) is  
 

 ( ) ( )[ ] RUUU t
V

t
jiji

ji

ji ∆+−∆−=∆ ,,
,

, DF  (26) 

 

where ( ) ji,UD  is an artificial dissipation. It is important to note that Eq. (26) is a spatial approximation of Eq. (24) 

because tensor Π  is considered constant over each of the four control surfaces that define the control volume. In order 

to calculate ( ) ji ,UF , the flux of tensor Π  trough the control surfaces must be calculated. The explicit form of this 

calculation as well as the implementation of the artificial dissipation, ( ) ji,UD , is given by Bobenrieth Miserda and 

Mendonça (2005). 
In order to advance Eq. (26) in time, a third-order Runge-Kutta is used as proposed by Shu (Yee, 1997). This yield 

to 
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As used in this work, the numerical method is fourth-order accurate in space and third-order accurate in time. 

 
4. Results 

 
For all cases studied in this work the Reynolds number is 10,000, and the characteristic length is the chord of the 

airfoil, c*. The Mach number of the free flow is 0.80 and the angle of attack is 0 degrees. A c-grid is used, where 920 
control volumes discretize the airfoil surface. The smallest grid size is 5.0x10-4c*, and it is located at the leading-edge 
surface. The grid extends 10c* in the upper and lower normal directions, and approximately 10c* in the upstream and 
downstream directions. The total number of control volumes for this grid is 324,000, resulting in a problem with 
1,296,000 degrees of freedom. 

Four cases are studied. For the first case the airfoil is studied with no plunging motion. From the second to the 
fourth case, the reduced frequencies for the plunging motion, yω , are the same and equal to 11.33. This value results in 

motions with a frequency equal to the vortex-emission frequency of the static case for this airfoil in 0° of angle of 
attack, obtained in the first case. The amplitudes used in the second, third and fourth cases are respectively 2.5%, 13.0% 
and 22% of the chord, which gives an maximum reference Mach number (resultant of the sum of the free flow velocity 
and the plunging velocity), Mref , of 0.81, 1.0 and 1.3, respectively.  

The visualizations presented on this work are the nondimensional magnitude of the density gradient, called pseudo-
Schlieren in order to be compared with experimental gradient visualizations, called Schlieren visualizations. The 
density gradient was chosen in order to emphasize the high compressible nature of the cases. The pressure gradient and 
the temperature gradient are very similar, except by the intensity of some phenomena. 

Figure 1 shows a region of the computational domain in conjunction with a magnified view showing the resolution 
of the computational grid at the trailing edge, which has the same order of resolution at the leading edge. 

 

 
 

Figure 1. Flow visualization for Ay = 0.22. The variable plotted is the nondimensional magnitude of the density 
gradient. White corresponds to 0.0 and black to 10.0. 
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Figure 2. Flow visualization for Ay = 0.0 (left) and Ay = 0.025 (right). The variable plotted is the nondimensional 
magnitude of the density gradient. White corresponds to 0.0 and black to 6.0. 

 
Figure 2 shows the visualization for an instant of the static and 2.5% plunging motion. In both cases, the 

visualization shows some aeroacoustic waves generated by the vortex emission at the trailing edge. In the plunging case 
(right), the visualization shows some acoustic waves due to the oscillation of the body and some lambda shock waves of 
short lifetime which appears near the trailing edge, that loose energy and becomes aeroacoustic waves propagating on 
the field with the plunging acoustic waves. In both cases, the skew-symmetric vortex street is very we ll defined. 
 

 
 

Figure 3. Flow visualization for Ay = 0.13 (left) and Ay = 0.22 (right) for an instant of downward velocity. The variable 
plotted is the nondimensional magnitude of the density gradient. White corresponds to 0.0 and black to 10.0. 

 
Figure 3 shows the visualization for an instant of downward velocity of the 13% and 22% plunging motions. In 

both cases, the visualization shows shock waves, emitted by the oscillation of the body, they loose energy and become 
acoustic waves propagating on the field, as well as some lambda shocks, near the trailing edge, and connecting shocks, 
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between the vortexes emitted at the downstream. Those very different characteristics of the flow cause some variation at 
the lift and drag coefficients as shown next. 
 

 
 

Figure 4. Unsteady lift coefficients as function of time. The blue, green, red and black colors correspond to the 
static, 2.5%, 13% and 22% of plunge cases, respectively. 

 

 
 

Figure 5. Power Spectra for the unsteady lift coefficients. 
 

 
 

Figure 6. Unsteady drag coefficients as function of time. The blue, green, red and black colors correspond to the 
static, 2.5%, 13% and 22% of plunge cases, respectively. 
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Figure 7. Power Spectra for the unsteady drag coefficients. 
 

As the lift coefficient signals show, the variation of amplitude of the plunging motion seems to only change the 
amplitude of the lift coefficient fluctuation, keeping the mean value of the lift coefficient the same as its frequency of 
fluctuation. The power spectra show that there is one characteristic frequency and sub-harmonics of same values on the 
four cases studied. It shows also that all the cases are non-chaotic, in the lift coefficient point of view. But as the drag 
coefficient signals show, the behavior of the system changes drastically between the cases two and three. 

In the first two cases, the mean value of the drag coefficient is the same, as well as the frequency of its fluctuation. 
The curves look like sinusoidal ones and are non-chaotic. There is one main value of frequency, with sub-harmonics, 
which are the same for both cases. 

In the third case, the mean value of the drag coefficient rises considerably, as well as its fluctuation. There is still 
one main frequency, which is the same of the first two cases, and sub-harmonics. The curve is still non-chaotic, but it 
does not look like sinusoidal anymore. 

In the fourth case, the mean value of the drag coefficient is reduced. There are two main frequencies, the power 
spectra show that the first one has the same value of the other cases and the second one is twice the value of the first 
one, but this frequency has more energy than the first one. There is also a broader distribution of the energy in the 
power spectrum, but with peaks on those two frequencies and their sub-harmonics, showing a pre-chaotic behavior. 
 
5. Conclusions 
 

A methodology is proposed in order to simulate the transonic laminar flow around the BGK-1 airfoil with imposed 
plunging motions, some with considerable amplitudes. It is based on the methodology proposed by Bobenrieth Miserda 
and Mendonça (2005), with the addition of pseudo-force and pseudo-work terms in the momentum and energy 
equations, respectively, in order to solve the system of governing equations from a non-inertial frame of reference 
which is moving with the airfoil, as proposed by Bobenrieth Miserda et al. (2006). 

The dynamic response of the system is different when it is referenced to the lift coefficient to when it is referenced 
to the drag coefficient. When the lift coefficient is in sigh, there is no greater change when the amplitude is increased, 
causing just an increase on the fluctuation of the mean value, which was kept the same for all the cases studied. This 
simple change did not correspond to a very different nature of the flows, as seen on the visualizations, which gave the 
idea to investigate the signals of the drag coefficient. 

When the drag coefficient is in sigh, the cases could be separated in two groups. In the first group of cases (the first 
and second cases), the increase of amplitude did only increase the fluctuation of the mean value of the drag coefficient, 
which was the same response seen at the lift coefficient study. But in the second group of cases (the third and fourth 
cases), the dynamic response became very different. In the third case, the mean value has increased and the curve was 
not sinusoidal anymore. In the fourth case, the mean value has decreased and other frequencies appeared in the 
response. 

These differences may be related to the fact that in the third case, the reference Mach number is sonic, increasing 
the supersonic regions, as well as the number of shock waves, in many directions of the flow-field, such as connecting 
shocks, lambda shocks and other shock waves and phenomena. The appearance of those new shock waves in other 
directions and the level of energy associated to those flows may be also some reasons of these differences, which 
caused those differences on the drag coefficient dynamic response. 
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